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Abstract 

Every automaton group naturally acts on the space of infinite sequences over 
some alpfiabet X. For every w E X'^ we consider the Schreier graph Tyj of the action 
of the group on the orbit of w. We prove that for a large class of automaton groups 
all Schreier graphs have subexponential growth bounded above by n*^^"^")™ with 
some constant m. In particular, this holds for all groups generated by automata 
with polynomial activity growth (in terms of S. Sidki), confirming a conjecture of 
V. Nekrashevych. We present applications to cj-periodic graphs and Hanoi graphs. 
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1 Introduction 

Let G be a group with a generating set S*, and acting on a set X. The (simplicial) Schreier 
graph r(G, S,X) of the action {G,X) is the graph with the set of vertices X, where two 
vertices x and y are adjacent if and only if there exists s G S U such that s{x) = y. 
The Schreier graphs are generaUzations of the Cayley graph of a group, which corresponds 
to the action of a group on itself by the left multiplication. 

The growth of Cayley graphs (growth of groups) is one of the central objects of study 
in geometric group theory. The celebrated theorem of M. Gromov characterizes groups of 
polynomial growth. Many classical groups (like linear groups, solvable groups, hyperbolic 
groups, etc.) have either polynomial or exponential growth. The first group of intermediate 
growth between polynomial and exponential was constructed by R. Grigorchuk [§. Nowa- 
days, the Grigorchuk group is the best known example of automaton groups (also known 
as self-similar groups, or groups generated by automata). 

In this paper, we consider the growth of Schreier graphs of automaton groups. Every 
automaton group G generated by an automaton A over some alphabet X naturally acts on 
the set for every n > 1, and on the space X'^ of right-infinite sequences over X. We get 
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the associated sequence of finite Sclireier graphs r„(G',A) of the action (G, X"), and the 
family of orbital Schreier graphs r^(G*,A) for w G X'^ of the action of G on the orbit of 
w. The Schreier graphs r„ and provide a large source of self-similar graphs, and were 
studied in relation to such topics as spectrum, growth, amenability, topology of Julia sets, 
etc. (see [|1], g |ig g, |, 0). 

It was noticed in [||] that for a few automaton groups the sequence of Schreier graphs 
r„ converges to a nice metric space with fractal structure. Further, this observation lead 
to the notion of a limit space of an automaton group, and, more generally, to a limit 
dynamical system fl^. The expanding property of this dynamical system corresponds to 
the contracting property of a group, what brings us to the important class of contracting 
automaton groups. Namely the strong contracting properties of the Grigorchuk group was 
used to prove that it has intermediate growth, while in general a contracting group may have 
exponential growth. At the same time, all orbital Schreier graphs of contracting groups 
have polynomial growth |]T], |T^. The degree of the growth is related to the asymptotic 



characteristics of the group such as the complexity of the word problem, the Hausdorff 
dimension of the limit space, the exponent of divergence of geodesies in the associated 
Gromov- hyperbolic self-similarity complex, etc. (see [Q). 

Most of the studied automaton groups are generated by polynomial automata. These 



automata were introduced by S. Sidki in |16], who tried to classify automaton groups by 



the cyclic structure of the generating automaton. A finite automaton is called polynomial if 
the simple directed cycles away from the trivial state are disjoint. The term "polynomial" 
comes from the equivalent definition, where a finite automaton is polynomial if the number 
of paths of length n avoiding the trivial state in the automaton grows polynomially in n. 

It is an open problem whether contracting groups and groups generated by polynomial 
automata are amenable. However, it is known that these groups do not contain nonabelian 
free subgroups |]15|, [1^ (but may contain free semigroups and be of exponential growth). 



and that groups generated by polynomial automata of degree (bounded automata) are 



amenable [Q. In |T5[ V. Nekrashevych introduced a general approach to the existence of 
free subgroups in automaton groups, and applied it to contracting groups and to groups 
generated by polynomial automata. In order to eliminate one of the cases, he proved that 



the orbital Schreier graphs F^„ are amenable, and conjectured [jT5|, page 857] that these 



graphs may have subexponential growth. This conjecture was based on the results from 
1^, where it is shown that for the group generated by one of the simplest polynomial 
automata all Schreier graphs F^ have intermediate growth. The main goal of this paper is 
to prove this conjecture. 

Theorem 1. Let G he a group generated by a polynomial automaton of degree m. There 
exists a constant A such that all orbital Schreier graphs F^(G') for w G have subexpo- 
nential growth not greater than A^^"^""-*" 
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In order to prove Theorem 1 we establish certain weak contracting properties of groups 
generated by polynomial automata. In particular, we prove that the word problem in these 
groups is solvable in subexponential time bounded above by S^^og")""^ for some constant B. 
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We also prove Theorem ^ for a more general class of automata (see Theorem ^ in Section^), 
which generalizes both polynomial automata and contracting groups. 

In Section |^ we apply Theorem |l] and its generalized version to construct automaton 
groups with Schreier graphs of intermediate growth. In the first example we consider 
a class of automaton groups, whose Schreier graphs are a generalized version of the u- 
periodic graph of intermediate growth studied in 0, ^. Basically, this example shows that 
for many polynomial automata the Schreier graphs F^ have intermediate growth. Another 
example comes from the well-known Hanoi Tower Game on k pegs. This game was modeled 



by automaton groups Gt^k) in ||T3, and, using known estimates on the complexity of the 
Hanoi Tower Game, it was noticed that the orbital Schreier graph Fooo(G(fc)) for k > A has 
intermediate growth. The automata generating groups for A; > 4 are not polynomial, 
but we apply similar arguments to prove that all orbital Schreier graphs F^(G(,fc)) have 
intermediate growth. 



2 Automaton groups and their Schreier graphs 



In this section we recall all needed definition, see [14 for a more detailed introduction. 



Spaces of words. Let X be a finite alphabet with at least two letters. Denote by 
X* = {xiX2 ■ ■ ■Xn\xi G X, n > 0} the set of all finite words over X (including the empty 
word denoted 0). The length of a word v = X1X2 . . . x„ G X" is denoted by |f | = n. Let X'^ 
be the space of all infinite sequences (words) X1X2 . . ., Xj G X, with the product topology 
of discrete sets X. The space X^ is homeomorphic to the Cantor set, i.e., it is compact 
totally disconnected metrizable topological space without isolated points. 

Automata. An invertible automaton A over the alphabet X is the triple (5, tt. A), where 
S is the set of states of the automaton, A : 5* x X — )■ is the transition function, and 
TT : S* X X — X is the output function such that for every s E S the map 7r(s, ■) : X — )■ X 
is a permutation on X. All automata in the paper are invertible, and further we omit the 
term invertible. An automaton is finite if the set of its states is finite. An automaton A is 
represented by a directed labeled graph (Moore diagram), whose vertices are the states of 
A, and for every state s G S* and every letter x G X there is an arrow s — )■ A(s,x) labeled 
by the pair x\'k{s^x). This diagram contains complete information about the automaton, 
and we identify the automaton with its Moore diagram. The notation A is also used for 
the state set of the automaton A, so that one can talk about a state s G A. A subset B C A 
(with induced edges) is a suhautomaton of A if A(s,x) G B for every s G B and x G X. 

Automaton groups. For every state s G A and every finite word v = X1X2 . . . x„ G X* 
there exists a unique path in the automaton A starting at the state s and labeled by 
X2I1/2, • • • , Xn\yn for some Ui G X. Then the word yiy2 . . . |/n is called the image of X1X2 . . . x„ 
under s, and the end state of this path is denoted by s\v In other words, for every finite 
word V G X* we define the image s{v) of v under s and the state s\v recursively by the 
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rules 



s\x = \{s,x), s\xy = s\x\v, and = 7r(s, x), s{xv) = s{x)s\x{v) 

for every x G X and v G X*. The action of states of A on the set can be given by 
the automaton A^"^ obtained from A by passing to the power X" of the alphabet X. The 
automaton A(") is defined over the alphabet X", and has the same states as A, but the 
arrows are s — ?■ s|t, labeled by v\s{v) for every s G A and v G X^. 

In the same way we get an action of every state s G A on the space X"^ by looking at 
the infinite paths in the automaton. Since the automata are invertible, all transformations 
s G A are also invertible. The group G generated by all states s G A is called the automaton 
group generated by A. Since every state preserves the length of words in its action on X*, 
the states act by isometries on the space X'^, and every automaton group is a subgroup 
of Iso(X'^). The automaton groups generated by A and A*^") coincide viewed as subgroups 
of Iso(X'^) with the natural identification X^ = (X")*^. All automata in the paper are 
supposed to be minimized, i.e., different states of a given automaton act differently on X'^. 
Hence we identify the states with the respective transformations of X'^. 

An alternative approach is through self-similar actions. A faithful action of a group 
G on the set X* U X'^ is called self-similar if for every g ^ G and v G X* there exist 
u G X'^' and h E G such that g{vw) = uh{w) for all w G X* U X"^. The element h is 
called the restriction (state) of g at v and is denoted by g\y. We are using left actions, i.e., 
(9192) (v) = gi{g2{v)), and hence the restrictions have the property 

{9i92)\v = 9i\g2{v)92\v for any 9i,g2eG and v E X*. 

Every self-similar action of a group G is given by the complete automaton A(G) of the 
group, whose states are the elements of G, and the arrows are g — )■ g\x labeled by x\g{x) 
for every g E G and x E X. 

An automaton group G is called contracting if there exists a finite subset M E G with 
the property that for every g E G there exists n E 'H such that g\y E M for all words 
V E X* of length \v\ > n. The smallest set J\f with this property is called the nucleus of 
the group. Notice that a finitely generated contracting group can be generated by a finite 
automaton. A group G generated by a finite automaton is contracting if and only if the 
complete automaton A(G') of the group contains only finitely many simple directed cycles. 

Throughout the paper by a cycle in an automaton we mean a simple directed cycle. 
States that lie on cycles are called circuit. An element g of an automaton group G is circuit 
if there exists a nonempty word v E X* such that g\y = g. 

Polynomial automata. A cycle in an automaton is called trivial if it is a loop at 
the state acting trivially on X"^ (trivial state, denoted e). A finite automaton A is called 
polynomial if different nontrivial cycles in A are disjoint. A polynomial automaton A is of 
degree m if the largest number of nontrivial cycles in A connected by a directed path is equal 
to m + 1. A finite automaton A is polynomial (of degree < m) if and only if the number 
of directed paths in A of length n that do not pass through the trivial state is bounded 
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by a polynomial in n (of degree < m). The set of all states (transformations of X^) of all 
polynomial automata of degree < m forms a group Pol(m) called the group of polynomial 
automata of degree m. Every finitely generated subgroup of Pol(m) is a subgroup of some 
automaton group generated by a polynomial automaton. 

We classify the states of a polynomial automaton A as follows. A state s G A is finitary 
if there exists n G N such that = e for all v G X". The finitary states are precisely 
the elements of Pol(— 1). The states from Pol(m) \ Pol(m — 1) are called polynomial of 
degree m. For every polynomial automaton A there exists n such that for every s G A and 
V G the state is either circuit or has degree less than the degree of s. Notice, that if 
s G A is a nontrivial circuit state, then for every n there exists precisely one word v G X" 
such that s and s\y have the same degree as polynomial states, and s\u for all u G X"-, 
u ^ V, has degree less than the degree of s. 

Schreier graphs. Let G be an automaton group generated by a finite subset S. The 
Schreier graph r„(S') = r„(G,S') is the graph with the set of vertices X", where two 
vertices v and u are adjacent if there exists s G U such that s{v) = u. The orbital 
Schreier graph r^(S') = Vw{G,S) for w G X'^ is the graph whose vertex set is the orbit 
G{w) and two vertices v and u are adjacent if there exists s G S* U 5*"^ such that s{v) = u. 
The orbital Schreier graphs r^(S') are precisely the connected components of the Schreier 
graph T{G, S,X'^) of the action {G,X'^). Every orbital Schreier graph is a limit of the 
finite Schreier graphs F„ in the local Gromov-Hausdorff topology on pointed graphs. 

Growth of graphs. Let F be a locally finite connected graph. The growth function 
7„(?T,) of F with respect to its vertex v is equal to the number of vertices in the closed ball 
B{v,n) of radius n centered at v. There is a partial order on the growth functions. Given 
two functions /, : N — N we say that / has growth not greater than g (denoted f ~< g) 
if there exists a constant C > such that f{n) < g{Cn) for all n G N. If / -< and g -< f 
then / and g are called equivalent f ^ g and have the same growth. Formally, by the 
growth we can understand the equivalence class of a function. Then, for any two vertices 
of the graph F, the respective growth functions are equivalent, and one can talk about the 
growth of F. 

A graph F has subexponential growth if its growth function has growth not greater than 
the exponential growth a" with a > 1, and is not equivalent to it. The growth is superpoly- 
nomial if it is greater than every polynomial function, and the growth is intermediate if it 
is superpolynomial and subexponential. 

Let G be a finitely generated group with finite generating set S. The length l{g) of 
g ^ G with respect to S is equal to the distance between the trivial element e and g in the 
Cayley graph F(G, S), i.e., /(e) = and 

Ka) = h{g) = mm{n \ g = SiSa . . . s„ for G S" U S^^}. 

The growth function 7 of the group G is the growth function of the Cayley graph T{G, S) 
with respect to the vertex e, i.e., 7(n) is equal to the number of elements g E G of length 
l{g) < n. The growth functions of the Cayley graphs F(G, 6*1) and F(G, 6*2), for any two 
finite generating sets 5*1 and 5*2, are equivalent. 
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The growth of Schreier graphs Ty^^G, S) of an automaton group G also does not depend 
on the choice of a finite generating set S of the group. Working with automaton groups 
it is useful to assume that a generating set 5* is self-similar (automaton), i.e., s|„ G S for 
every s G S* and v G X*. For example, we will frequently use the following observation. If 
there is a presentation g = S1S2 . . . s„ for Sj G 5 then for every v G X* we get the induced 
presentation 

dlv 1^-^ S2 1 • • • '^n— 1 1 '5n I tin 5 (1) 

where Vn = v, and Vi-i = Si{vi) for i = n, n — 1, . . . , 2. In particular, if S is self-similar then 
Si\y- G S and l{g\v) < l{g)- Also, it is usually assumed that S is symmetric, i.e., S = S~^. 

All logarithms in the paper are with base 2, except if directly indicated. Usually, a 
logarithm appears as Clogn, and the base can be hidden in the constant C. Also (to 
avoid some multiple brackets) we use the convention that log = 1 and log 1 = 1 so that 
logn > for all n G N U {0}, otherwise one can just replace logn by log(n + 2). 



3 Proof of Theorem 1 

Let us recall how to prove that for contracting groups the Schreier graphs have polyno- 



mial growth (see ||14|, Section 2.13.4], [|T|]). Let G be a finitely generated contracting group 
with nucleus A/", and let S* be a finite symmetric self-similar generating set of G that con- 
tains J\f. We can choose a constant C such that (siS2)|„ G Af for all Si, S2 & S and every 
word V G X* of length |t>| > C. Consider an element g E G and let g = S1S2 . . . s„ for Sj G S* 
with n = l{g). Then (sjSi+i)|^ E J\f G S and hence the element g\y has length < (n+ l)/2. 
It follows that g\y G A/" for all words v G X* of length |f | > Clogn. This justifies the term 
contracting group: the length of restrictions exponentially decreases ("contracts") until 
they become elements of the nucleus. 

Now consider the Schreier graph F^^, = F^(G', S) for a sequence w = X1X2 . . . G X^ . Let 
B[w,n) be the ball of radius n in the graph F^^, centered at the vertex w. Notice that if 
g{viWi) = V2W2 for vi,V2 G X'' and wi,W2 G X'^ then g\y^{wi) = W2. Let k be the least 
integer greater than Clogn. Then each sequence in the ball B{w,n) is of the form ^2^2 
for some V2 G X^ and W2 = h{xk+iXk+2 ■ ■ •) for some h G A/". Hence 

\B{w,n)\ < |Ar(Xfc+iXfc+2...)l < |X|^'°Sn+l. |_^|^ 

which is a polynomial in n. More precise estimate can be given using the contracting 
coefficient of the group (see [|I4|, Proposition 2.13.8]). 

We want to apply similar arguments to groups generated by polynomial automata, and 
first we will establish certain weak contracting properties of these groups. 

Lemma 1. Let G be a finitely generated subgroup o/Pol(m). There exists a constant C 
such that for every g E G and every word v G X* of length \v\ > G (logl{g))"^^^ the state 
g\v is either circuit or belongs to Pol(m — 1). 
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To prove Lemma |I] we use induction on m. However there is one slight difficulty, that 
in order to apply the induction hypothesis we may need to consider the length of the 
element g\v for a different generating set than the length of g. To overcome this problem 
we will make a few assumptions so that the groups involved in the induction have consistent 
generating sets. 

Without loss of generality, we can assume that the group G is an automaton subgroup of 
Pol(m). Let 5* be a finite symmetric self-similar generating set of G. Let Gk be an automaton 
subgroup of G generated hj = S H Pol(A;) for k = —1, 0, . . . , m. The generating set 5*^ is 
again symmetric and self-similar. Notice that, in general, the group Gk may not coincide 
with GnPol(A;). 

Let us prove that the length of cycles in the complete automaton A(G') of the group 
G is bounded. Without loss of generality, by passing to a power of the alphabet, we can 
assume that the alphabet X and the generating set S satisfy the following conditions: 

1) for every s G S* and x G X the state sj^ is either circuit or has degree less than the 
degree of s; 

2) for every nontrivial circuit state s G S* there exists (unique) x E X such that s|x = s 

(every cycle in S' is a loop), 
(for example, one can pass to the alphabet X'^, where k is a multiple of the length of every 
cycle in S, and is greater than the diameter of S). Let us prove that then every cycle in the 
automaton A(G) is a loop, i.e., for every circuit element g & G there exists a letter x G X 
such that g\x = g. Assume g\v = g for a nonempty word v G X* and let g = siS2 ■ ■ ■ Sn 
for Sj G S* with n = l{g). Notice that s-i ^ S^i for every i, because otherwise g\v = g can 
be expressed as a product S1S2 ■ ■ ■ si with / < n. Over all presentations of (7 as a product 
S1S2 . . . s„ we consequently for /c = 0, 1, . . . , m choose the one with the largest number of 
circuit generators from and then with the largest number of the rest generators from 
Sk- Consider the induced presentation (|1|): 

9 9\v "^llui "5211)2 • • • "^nlfn) 

where = Sj(f j) with Vn = v. By our choice of the presentation g = S1S2 . . . s„ we should 
get 

Then 

■Sllxi "^l; "5211:2 "^2) • • • ) "5n|a;„ "^n; 

where Xi is the first letter of Vi, and we get g\x^ = g. It also follows that g\y G Gm-i for 
y E X, y ^ Xn, and in its induced presentation g\y = si\y-^ S2\y2 ■ ■ ■ Sn\y„ every generator 
Si\y. belongs to the set Sm-i- In particular, the length of g\y with respect to the generating 
set Sm-i of the group Gm-i is not greater than n. Further we will use this property without 
specifying the generating set. 

To the rest of this section we always assume that the group G and the generating set 
S satisfy the above assumptions. 

We will prove a slightly stronger formulation of Lemma 1. 
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Lemma 1*. There exists a constant C such that for every g = siS2 . . . Sn & G for Sj G 
and every word v G X* of length \v\ > C (logn)™""^^ either g\y G Gm~i (ind in the induced 
presentation g\v = si\y^S2\v2 ■ ■ ■ Sn\vn e-very generator Si\y. belongs to Sm-i, or the element 
g\v is circuit, g\v\x = g\v for some x & X, and the induced presentations of g\y and g\v\x 
coincide as words in generators. 

Proof. The proof goes by induction on m. For m = — 1 the group G is a subgroup of the 
group Pol(— 1) of finitary elements. There exists a constant C such that for all words v 
of length \v\ > C we have s\y = e for every s G S* (actually by our assumption 1) on the 
generating set S we can take C = 1). Hence for every product g = S1S2 . . . s„ G G for 
Si G S* we get g\v = e and in the induced presentation of every element is trivial. 

We assume the lemma holds for the groups Gk (with m replaced by k) for k = 
— l,0,...,m — 1 with some common constant Gi. 

Let (7 G G be a circuit element and g\x = g for a letter x & X. Let g = S1S2 ■ ■ ■ Sk, 
Si G 5, be a presentation such that the induced presentation of g = g\x coincides with 
S1S2 . . . Sfc as a word in generators. Then for every word v G X* either g\y G Gm~i and 
every generator in the induced presentation of g\v belong to Sm.~i, or g\v = g {in the case 
V = XX . . .x) and the induced presentation of g\y coincides with S1S2 ■ ■ ■ Sk- Consider the 
product kg for h = tit2 ■ ■ - tn G G^-i, ti G Sm-i, and its restrictions (%)|« = h\g(^y)g\y for 
words V G X* of length \v\ > Gi (logn)™. We have the following cases. If 5^!^ G G^-i then 
{hg)\y G Gm-i, so further assume g\y = g and let us look at By the assumption on 

the length of the word v the element either belongs to Gm-2 or it is circuit (with the 
specific induced presentation). 

If h\g{^) G Gm-2 then {hg)\y = h'g for h' G Gm-2- 

If h\g(y) is circuit and |c,(a:) = then {hg)\v is circuit, here {hg)\v\x = {hg)\y. 

If is circuit and ^ h\g(^y) then {hg)\yx = h'g for h' G Gm-2- 

Hence in all cases the element {hg)\u for u G X'''!"'"^ is either circuit, or belongs to Gm-i, 
or it is of the form h'g for h' G Gm-2- In the last case we can apply the same arguments to 
the product h'g. After m steps we get either a circuit state or an element of Gm-i- In the 
worst case we need to take the words of length 

Gi(logn)'" + 1 + Gi(logn)"*-i + 1 + . . . + Gi(logn)° + 1. 

Choose a constant G2 such that G2(logn)"^ is greater than the value of the equation above. 
Then the element {hg)\y for words v G X* of length \v\ > G2(logn)™' is either circuit or 
belongs to Gm-i, and the conditions on the induced presentation of {hg)\y are satisfied. 

Let gi, g2 ^ G he circuit elements and consider the product gihg2 for h G Gm.-i- Assume 
gi is expressed as a product in generators of length ki with the same properties as the one 
of g above, and h is expressed as a product of n generators from Sm.-i- Then the element 
igihg2)\v for f G X* of length \v\ > G3(log(/ci + n + /C2))'" with G3 = 2G2 is either circuit 
or belongs to Gm-i with the specific induced presentation. 

Now consider an arbitrary element g = S1S2 - - - Sn G for Si G S. Let us partition the 
product S1S2 . . . s„ on blocks 

g = hogihig2h2 - - - gihi, (2) 
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such that every block hi contains only generators from Sm-i (may be trivial), and Qi is either 
a generator from S \ Sm~i, or gi is circuit and the induced presentation of gi\x coincides 
with the presentation for some x G X. Notice that the sum of lengths of all hi and gi is 
equal to n. By passing to the induced presentation of the state g\x on any letter x G X we 
can assume that every element gi is circuit. Consider every product gihig2, gah^g^, and so 
on, in the presentation (0). Every such block restricted to a word of length > C3(logn)'" 
is either circuit or belongs to Gm-i- Hence the state g\jj for words v G X* of length \v\ > 
C3(log n)"^ + l can be expressed as a product (|^) with < (/ + l)/2 positions with some circuit 
elements gi. Applying the same procedure log / + 1 times we get either a circuit state or an 
element of Gm-i- Choose a constant C such that C(logn)"'^^ > (C3(logn)™ + l)(logn + 1) 
(here we use / < n). Then g\v for v G X* of length \v\ > C(logn)™"'"^ is either circuit or 
belongs to Gm-i, and in both cases it has the required induced presentation. □ 

Corollary 2. The word problem in every finitely generated subgroup o/Pol(m) is solvable 
in subexponential time. 

Proof. We use the same notations and assumptions as above. 

Consider an element g = S1S2 . . . s„ G G for Sj G S*. Let k be the least integer greater 
than C(logn)"^^^. The element g is trivial if and only if it acts trivially on and every 
element g\y for v G X'' is trivial. Notice that the size of X^ is subexponential in n. Consider 
the induced presentation g\y = s'^^Sg ■ ■ ■ with s'i = Si\y.. If G Sm-i for all i, then the 
problem reduces to the word problem in the group Gm-i- Otherwise, g\i, is circuit and 
there exists x G X such that the induced presentation g\^\x = s[\x-i^S2\x2 ■ ■ ■ s'^lx,, coincides 
with the presentation g\y = s'^Sg . . . letter by letter, i.e., s^l^;. = s'i for all i. Then g\y 
is trivial if and only if it acts trivially on X and every element g\v\y G Gm-i for y E X, 
y ^ X, is trivial. Again the problem reduces to the word problem in Gm-i- By induction we 
conclude that the word problem is solvable in subexponential time with an upper bound 
|^|Ci(iogn)-+i gQ^g constant Ci. □ 

We are ready to prove the main result. 

Theorem 3. Let G be a finitely generated subgroup o/Pol(m). There exists a constant C 
such that every orbital Schreier graph TyjiG) for w G X"^ has subexponential growth not 
greater than |X|'^(^°s'^)'" . 

Proof. The proof goes by induction on m. For m = — 1 the group G < Pol(— 1) is finite, 
and every Schreier graph Ty^ has at most |G| vertices. We can also start the induction from 
m = using the fact that in this case the group G < Pol(O) is contracting (see 0). 

We suppose by induction that the statement holds for the group G^-i and every 
Schreier graph Tyj{Gm-i-, Sm-i) has subexponential growth not greater than 
with some constant Ci. 

Fix a sequence w = X1X2 . . . G X'^ and consider the ball B{w,n) in the graph P^ = 
Tu,{G,S) of radius n centered at the vertex w. If g{viWi) = V2W2 for vi,V2 G X'' and 
wi,W2 G X"^ then g\vi{wi) = W2. Hence for every fixed k each sequence in the ball B{w,n) 
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is of the form V2W2 for some V2 G X'^ and W2 = h{xk+iXk+2 ■ ■ ■) for some h G A/'(n, fc), 
where 

■N'{n,k) = {g\xix2...xk ■ g and l{g) < n}. 

It follows that 

\B{w,n)\<\X\'-\M^^^k){v)\, (3) 

where v = Xk+iXk+2 • • •• 

Let Hn = {/i e Gm-i '■ hm~iW — ^} be the ball of radius n in the group Gm-i with 
respect to its generating set Sm-i- 

Let k be the least integer greater than C(logn)'^"''^ given in Lemma |l|. Then for every 
g G J^[n,k) \ Hn there exists x E X such that g\x = g. Hence 

xex 

where M^^nk) = {g ^ ■^{n,k) '■ g\x = g} X E X. By induction hypothesis the size of 
the orbit Hn{v) is not greater than \X\^'^^^°^"'^"' . Let us estimate the size of the orbits 
■^(nfc)(^)- X G X be the first letter of the word v and consider the following cases. If 
V = XX . . . = x°° then for g G we have g{v) = z°° for some 2; G X; and for g G N"^^ ^-j 

with y G X, y 7^ X, we have g{y) = zh{x°°) for some z E X and h G Hn- Hence we get 
estimates 

\Af^n,kM < \X\ and \Af^^^,^iv)\ < \X\ . \Hn{v)\ 

for yEX,yy^x.Uv = x''XiVi for Xi ^ x then for g G M'^^^-^ we have (7(1^) = z^zih{vi) 
for some 2;, 2:1 G X and h G and for g G M^nk) '^i^h y E X, y ^ x, we have (^(w) = 
for some 2; G X and G i/„. Hence we get estimates 

Win,k)iv)\ <\X\'- \Hn{v,)\ and \Arin,k)i^)\ < \X\ ■ \Hn{x'-'x,v,)\ 

for y E X , y ^ X. Summarizing all estimates we get 

for some constant C2. □ 

As a corollary we recover the following result from |T5|, Corollary 4.6]. 

Corollary 4. The orbital Schreier graphs forw G X"^ of groups generated by polynomial 
automata are amenable. 

4 A generalization of Theorem [1] 

Theorem || can be generalized to automaton groups with a certain combination of con- 
tracting and polynomial properties. 
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Theorem 5. Let fK he a finite automaton with suhautomaton B such that different cycles 
in A\B are disjoint, and the group generated by B is contracting. Let G be the automaton 
group generated by A. There exists a constant C such that every orbital Schreier graph 
r«,(G) for w G has subexponential growth bounded above by , where m is 

the maximal number of different cycles m A \ B connected by a directed path. 

Proof. The proof goes by induction on m foUowing the same strategy as in the proof of 
Theorem |^. 

First, we make a few assumptions about the generating sets to make our life easier. We 
can assume that the generating sets A and B are symmetric, and B contains the nucleus A/" 
of the contracting group (B). Let Sk for /c = 0, 1, . . . , m be the largest subautomaton of A 
such that Sfc \ B contains at most k cycles connected by a directed path. Then every 5*^ is 
also symmetric and self-similar. We pass to a power of the alphabet so that every cycle in 
A \ B, and hence in Sk \ Sq, is actually a loop; and for every s E Sk\So and x E X either 
s\x G Sk-i or s\x is circuit. 

Let Gk be the group generated by Sk- In particular, G = Gm and we use notation 
S = Sm- The group Go is contracting with nucleus J\f. Indeed, by construction, there are 
no cycles in SqXM, and hence G TV for all s G 5*0 and all words v of length greater than 
the diameter of Sq \ Af. 

Lemma 2. The length of cycles in the complete automaton A(G) of the group G is bounded. 

Proof. Take a circuit element g E G. Let g\v = 9 for a nonempty word v, and g\u ^ 9 
for every beginning u of v. Over all presentation of as a product S1S2 ... Sn for Si G S 
with n = 1(9), we consequently choose the one with the largest number of circuit elements 
Si G 5*^ and then with the largest number of any elements Sj G 5*^, for k = 0,1, ... ,m. 
Consider the induced presentation (P: 

9 9\v "^l I VI '^2 |i'2 • • • "^nlvin) 

where = Si{vi) with Vn = v. Notice, that this presentation also satisfies the above 
assumptions, as is the induced presentation g = 9\v...v for every iteration v . . .v of the word 
V. In particular, every Sj is actually circuit, because otherwise the presentation given by 
9 = 9\v...v would contain more circuit generators than the chosen one. 

Two consecutive elements Si and Sj+i in the presentation cannot both lie in A/". Indeed, in 
this case (sjSj-|_i)|K G J\f (Z S for all sufficiently large u. Hence 9 — 9\v...v 

can be expressed as 

a product of less than n generators for large enough iteration v . . .v, contradicting n = ({g). 

Our choice of the presentation g = S1S2 • . • s„ and the assumptions on the generating 
set 5* force = Si for every Sj ^ A/". Hence Vi = x"^ (here m = \v\), where Xi E X is 
the unique letter such that Si\xi = Si. If G A/" for i < n then Sj+i ^ M and we still get 
Vi = with Xi = Si+i{xi+i). 

Assume s„ ^ A/", and hence v = with x = Xn. Consider the induced presentations 
of gl^i for every / = 1, 2, . . .. If Sj ^ A/" then the z-th generator in the presentation of every 
gl^i remains the same and is equal to Sj. Let us trace the positions with elements from A/". 
If Si E Af then the i-th element in the presentation of gl^^i is equal to Sil^i. Hence these 
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2-th elements change according to the vertices of the path in the nucleus M that starts at 
the state Sj and goes along arrows with left label Xj. It follows that every position is pre- 
periodic. We can eliminate the pre-periods by passing from the presentation g = S1S2 ■ ■ ■ Sn 
to the induced presentation g = g\^i for large enough /, and hence we assume that every 
position repeats periodically. If Hs a multiple of the lengths of every cycle in Af, then the 
induced presentation of g\^i coincides with S1S2 ■ ■ ■ Sn letter by letter, and hence g = gl^i. 
It follows that the length of the word v is bounded by the least common multiple of the 
length of cycles in the nucleus A/". 

If Sn G A/" then ^ M, v = s^^{x^_i), and we can apply the same arguments. □ 

Let L be the upper bound on the length of cycles in A(G'). Just to notice, in general, 
we cannot pass to a power of the alphabet to transform every cycle into a loop, i.e., to 
make L = 1, as was possible in the case of polynomial automata. 

Further, we will use the fact proved in Lemma that if G for A; > 1 is circuit and 
g\v = g then g\u E Gk-i for every u G X'"', u ^ v, and the length of g\u with respect to 
Sk~i is not greater than the length of g with respect to Sk- 

The formulation of Lemma 1 remains the same (with m > 1). 

Lemma 3. There exists a constant C such that for every g = S1S2 . . . Sn E G for Sj G S* 
and every word v G X* of length \v\ > C (logn)'"'*'"^ the element g\^ is either circuit, or 

g\v G Gm-l- 

Proof. The proof is basically the same as the one of Lemma 1*. Let us indicate only the 
main argument. 

We assume the lemma holds for the groups Gk for k = 1, . . . , m — 1 with some common 
constant Gi. Let G G be a circuit element. Consider the product kg for h G Gm-i and 
its restrictions {hg)\y = h\g(^y^g\^ for words v G X* of length \v\ > Gi (log/(/i))"*. We have 
the following cases. If g\v G Gm-i then {hg)\y G Gm-i- So further assume g\i, ^ Gm-i, and 
hence g\y and g lie on the same cycle. There exists a nonempty word u of length \u\ < L 
such that g\v\u = g\v Let us look at h\g(^y), which either belongs to Gm_2 or is circuit. If 
h\g(^y) G Gm~-2 then {hg)\y = h'g' for circuit g' = g\y and h' = G Gm~2- Otherwise 

h\g[y) is circuit, and let / < L be the length of the cycle at h\g{^v). Then the length of the 
word is a multiple of \u\ and of /. If = ^lg(t)) then {h\g(^^)g\y)\ui = h\g[^i,)g\v and 

the state {hg)\y is circuit; otherwise G Gm-2- Hence in all cases the state {hg)\u, 

for a word w of length \w\ > Gi (log/(/z))™' + is either circuit, or it belongs to G^-i, 
or it is of the form h'g' for circuit g' and h' G Gm-2 with l{h') < l{h). Eventually, in the 
worst case, we will need to consider the product hg for circuit g and h E M d Sq. \n this 
case we can apply the same arguments as in the proof of Lemma 0. 

The rest of the proof is the same. □ 

Now we can return to the growth of Schreier graphs. If m = then the group G is 
contracting and the statement holds. We suppose by induction that the statement holds 
for the group Gm-i with some constant Gi. 



12 



Xk\Xk X2\X2 Xi\xi 1|0 0|0 




111 



Figure 1: The automaton A„ for v = X1X2 ■ ■ - Xk 



Take a sequence w = X1X2 . . . G X"^ and consider the Schreier graph = Tu,{G, S). 
We will use the estimate (H). 

Let Hn = {h ^ Gm~i ■ ^Sm_i(^) < be the ball of radius n in the group G^^i with 
respect to its generating set Sm^i. 

Let k be the least integer greater than C(logn)™"'~^ from Lemma ^ Then for every 
g G J^{n,k) \ Hn there exists a nonempty word u of length \u\ < L such that g\u = g- Hence 

U at;,,) U Hn, 

\u\<L 

where J^^^^k) = {q ^ ■^(n,k) '■ g\u = g}- By induction hypothesis the size of the orbit 
Hn{v) is not greater than Let us estimate the size of the orbits -^^nk)^"^)- 

V = uu . . . = u°° then for every g G N'^^ ^-^ we get g{v) = z°° for some z G X'"'. If v = n'uiWi 
for Ui G X'"!, Ui 7^ u, and / > 0, then for every g G N'^ we get g{v) = z''Zih{vi) for some 
z, Z\ G and h G i/„. Summarizing all estimates we get 

\B[w,n)\ < |X|'^('°Snr+Hl . |j^|l+2+...+L . |j^|2L . | | Ci (log n)™ ^ | j^|C2(lognr+l 

for some constant C2. □ 



5 Examples 

Omega-periodic graphs. Let X = {0, 1} be the binary alphabet. For every finite word 
V = X1X2 ■ ■ ■ Xk over X consider the automaton A^, shown in Figure ^ where we use notation 
= 1 and 1 = 0. Every automaton A^, is polynomial of degree k = \v\. The automaton A^ 
is a subautomaton of A^,^, and we get an increasing chain of polynomial automata 

A0 C Aj.^ C Aj.^x-2 C . . . , 

for every Xj G X. Hence every orbital Schreier graph F^(A^) for w G X'^ is a subgraph of 
r«,(A^a.). This allows us to construct the Schreier graph F^(At,) consequently as F^(A0) C 
F«,(A^.J C . . . C Tu,{/^xiX2...Xk): by looking at the action of the states a,ai,a2, ■ ■ ■ , ak- 
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Figure 2: The Schreier graph ro°o(Ao) 



We start from the orbital Schreier graphs r^„(A0) of the automaton A0. The transfor- 
mation a is called the adding machine, because its action on a sequence yiy2 . . . G X'^ 
corresponds to the addition of 1 to the binary number X]i>i Vi^^^^ G Z2. In particular, the 
infinite cyclic group generated by A0 acts faithfully on every its orbit on . Hence every 
Schreier graph r^(A0) for w G X^ is a "line", i.e., its vertices can be identified with Z via 
the map d^{'w) ^ m, and the edges are (m, m + 1) for all m G Z. 

Notice that for every state of the automaton A„ if ak{yiy2 ■ ■ ■) = ^1^2 • • for yi, Zi G 
X, and we take the first position n with ?/„ 7^ then CLk\y^y2...yr,^i = ^"^^ a{ynyn+i ■ ■ ■) = 
ZnZn+i • • •• It follows that each preserves the orbits of the action of a on X'^. Hence the 
orbits of {Ay, X'^) for every word v coincide with the orbits of (Ag, X'^), and we can identify 
the vertex set of every Schreier graph r^(A„) for w G X'^ with the set Z. 

Every state of the automaton Axxxi-.-xy, acts on the infinite sequences as follows 

ak[x^ Xk ■ ■ ■ X2 X2 Xi xiW) = Xp. Xk ■ ■ ■ X2 X2 Xi Xia[w) [A) 

for every w G X" and G N U {0, 00}. Notice that every sequence from X^ appears in 
(I) for suitable numbers rij. Further, for every fixed rii, . . . the edges defined by (^), 
when w runs through X'^, are periodic, namely, these edges are invariant under the shift 
m H- )■ m + 2'^i+ - +"'=+'^ on Z. It follows that all Schreier graphs r^(A^) for w G X'^ are 
unions of periodic subgraphs on Z, and hence they are cj-periodic in the terminology of . 

The Schreier graph rooo(Ao) (see Figure |^) was defined in as an example of a graph 
of intermediate growth (its growth is equivalent to connected to the long range 

percolation on Z. All orbital Schreier graphs r^(Ao) for w G X'^ of the automaton Aq were 
studied in |Q, where it was proved that the family of these graphs contains uncountably 
many pairwise nonisomorphic graphs, all of them except Tqoo are locally isomorphic, and 
all have intermediate growth. The groups generated by Aq and Ai are the same, and the 
automata Aq, Ai are just different generating sets of this group. Hence the Schreier graphs 
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Figure 3: A nonpolynomial automaton with Schreier graphs of intermediate growth 



r^(Ai) also have intermediate growth. The Schreier graphs r^(A^) for every nonempty 
word V have growth not less than the growth of r^(Ao) or of rtt,(Ai). Hence their growth is 
superpolynomial, and then Theorem ^ implies that all orbital Schreier graphs r^(A^,) for 
w G X'^ and f 7^ have intermediate growth. 

Actually, if we take the automaton shown in Figure |l| and change the labels of the edges 
passing from the states ai, . . . , in any way we want, we still get the automaton whose all 
Schreier graphs F^ have intermediate growth. More generally, if we take any polynomial 
automaton A over X that contains Aq (with any labels at Oi) as a subautomaton, then all 
orbital Schreier graphs F^(A) have intermediate growth. 

Nonpolynomial example. Consider the automaton B over the alphabet X = {0, 1} 
shown in Figure The automaton B is not polynomial, but satisfies the conditions of 
Theorem ^. The group H = (b) is the infinite cyclic group, which coincides with the 
automaton group generated by the subautomaton of B with states b'^^,b'^'^. The group H 
is contracting with nucleus A/" = {1, b"^^, fe^^, b^^}, while the group G generated by B is not 
contracting. Theorem ^ implies that all orbital Schreier graphs F^„(B) for w G X^ have 
subexponential growth. 

To obtain a lower bound we can use the previous example. We notice that the group 
H acts faithfully on every its orbit on X'^. The states b, c act similarly to the states a, ai, 
namely, ^^"^'(O"!^) = 0"16(m;) and c{0"lw) = 0"16(m;) for w G X'^ and n G N U {0,oo}. 
It follows that the Schreier graph F^(Ao) can be seen as a subgraph of the Schreier graph 
F^(B) via the map a'^{w) H- b"^{w) for every w G X^. Hence all orbital Schreier graphs 
F^(B) have intermediate growth. 

Hanoi graphs. The Hanoi Tower Game on k pegs is played with n disks of distinct size 
placed on k pegs, k > 3. Initially, all disks are placed on the first peg according to their 
size so that the smallest disk is at the top, and the largest disk is at the bottom. A player 
can move only one top disk at a time from one peg to another peg, and can never place 
a bigger disk over a smaller disk. The goal of the game is to transfer the disks from the 
first peg to another peg. More generally, one can take any two configurations of disks and 
ask a player to transform one configuration to another one, where a configuration is any 
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Figure 4: The Hanoi Towers automaton A(4) on 4 pegs 



arrangement of n disks on k pegs such that a bigger disk does not he on a smaUer disk. 
For more information about this game, its history, solutions, and open problems, we refer 
the reader to O, [rSI, ITBl Oil and the references therein. 



(k) 

The Hanoi Tower Game is modeled by the Hanoi graphs Hn ■ The vertices of the graph 
nit'' are the configurations of n disks on k pegs, and two configurations are adjacent if 
one can pass from one to another by a single disk move. Then the Hanoi Tower Game is 
equivalent to finding a path in the graph Hn^ between two given vertices. In particular, 
the diameter of the Hanoi graph gives an upper bound on the optimal number of steps in 
the Hanoi Tower Game. 

It was noticed in that the game can be also modeled by a finite automaton A(fc) 
over the alphabet X = {1,2, . . . , k}, called the Hanoi Towers automaton on k pegs. In 
this model, the pegs are identified with the letters of the alphabet X, and the disks are 
labeled by 1,2, ... ,n according to their size. Then the configurations of n disks on k pegs 
can be encoded by words of length n over X, where the word X1X2 ■ ■ - Xn corresponds to 
the unique configuration in which the disk i is placed on the peg xt. The automaton A(fc) 
has the trivial state e and the state a(jj) for every transposition on X with two arrows 
a(jj) — )■ e labeled by i\j and and the loop at a(jj) labeled by x\x for every x E X \ 
For example, the automaton A(4) is shown in Figure ^ (the loops at the trivial state e are 
not drawn). The action of the state a(jj) on a word of length n corresponds to a single disk 
move between the pegs i and j. Hence the Schreier graph r„(A(fc)) is precisely the Hanoi 
graph Hn^. 
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The complexity of the Hanoi Tower Game highly depends on whether k = 3 or k > A. In 
the case k = 3, the Hanoi graph Hn^ has diameter 2" — 1, and this is the smallest number of 
steps to win the game. The automaton A(3) is bounded and generates a contracting group. 
All orbital Schreier graphs r^(A(3)) for w G X'^ have polynomial growth of degree 

For k > 4, the Hanoi Tower Game can be solved in subexponential number of moves, 
asymptotically in exp(n^^) moves (see |l^). In particular, the diameter of the Hanoi 
graph iJn^^ and the Schreier graph Tn{/^{k)) is asymptotically exp(n^^). One can apply 
this asymptotic estimates to the orbital Schreier graphs T^{/K(^k^) for w G X'^. It is easy to 
see that the growth function 7 of each graph Tyj{A(^k)) satisfies 7((i„) > /c", where dn is the 
diameter of the graph r„(A(fc)). Hence the upper bound on the diameter of r.„(A(fc)) implies 
a superpolynomial lower bound on the growth of r^„(A(fc)), namely 7(771) > /jC'{i°g™)'' ^ with 



some constant C > 0. This was used in [p!0| . Theorem 2.1] to conclude that the Schreier 



graph rooo(A(fc)) for /c > 4 has intermediate growth between a^'"^'"-**' ^ and b^^°^"^^^ ^ for 
some constants 6 > a > 0. 

The automaton A(fc) for k > 4 is not polynomial, and does not satisfy the assumptions 
of Theorem |^. However, we can apply similar ideas to give the subexponential upper bound 
^c(iogm) ^Yie growth of every Schreier graph Tw{/^{k)) for w G X^. 

Theorem 6. All orbital Schreier graphs r^(A(fc)) for k > A and w G X"^ have intermediate 
growth. 

Proof. To provide an upper bound we follow similar arguments as in the proofs on Theo- 
rems ^ and ^. We will show only the case k = A, the general case is analogous. 

Let be the automaton group generated by A(fc). Notice that for every state s of 
the automaton A(,fc) and every word v G X* if s\y 7^ 1 then s{v) = v and s\i, = s. It 
immediately follows that every cycle in the complete automaton A{G(k)) of the group G(k) 
is a loop labeled by x|x for some letter x G X. 

The group (7(3) is contracting with nucleus JV = A(3). Then for every g = S1S2 . . . s„ G 
^(3), Si G A(3), the restriction g\y belongs to M for all words v of length \v\ > logn. Hence 
every Schreier graph r^(A(3)) has subexponential (polynomial) growth not greater than 

4|j5s:|logn+l < |j^|Cilogn ^^^^ COUStaut Ci. 

Now consider the group G(4) and the automaton A(4). For x E X denote by A^^^ the 
subautomaton of A(4) consisting of states that fix the letter x. The group generated by A^^^ 
acts on the words over X \ {x} in the same way as the group G(3) acts on {1, 2, 3}*, and 
that is where we can apply the inductive arguments. In particular, if = S1S2 . . . s„ for 
Si G A^4^ then for every word v G X* that contains at least logn letters different from x 
the restriction g\i, belongs to A(4), in other words, g\y fixes one more letter except x. 

Take two different letters x,y E X and consider elements g = S1S2 ■ ■ ■ Sk for Si G A^^^ 
and h = tit2 ■ ■ - tm for G A^^^. Take an arbitrary word v G X* of length > 2 logn 
with n = k + m. If the word v contains at least logn letters not equal to x then g\v E A(4). 
Otherwise, v contains at least logn letters equal to x, and then g{v) contains at least logn 
letters equal to x. Since x 7^ y, we get G A(4). It follows that for every word of length 
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\v\ > 21ogn + 1 there exists a letter z G X such that every generator in the induced 
presentation of {hg)\v = belongs to A^^^ (i.e., {hg)\v is circuit). 

Let us prove that there exists a constant C2 such that for every product (7 = S1S2 . . . s„ e 
(7(4), Si G A(4), and every word v G X* of length |f | > C2(log?7,)^ there exists x E X such 
that every generator in the induced presentation g\y = si\viS2\v2 ■ ■ ■ SnU,, belongs to 
A^^j (hence g\y is circuit, here g\v\x = g\v)- We partition the presentation g = S1S2 ... Sn on 
blocks 

9 = 9i92 ■■■9i (5) 

such that every gi = sj.Sj.+i . . . Sj._^_^-i contains only generators from A^^^ for some letter 
X G X (depending on i). Consider the products gig2, gsg^, • • • , and their restrictions on 
words V of length > 21ogn + 1. Using the above property we get that the element g\v can 
be expressed as a product (^) with < (/ + l)/2 elements gi. Applying the same procedure 
log / times, we get an element with needed properties. The existence of the constant C2 
follows. 

Consider the Schreier graph r^(A(4)) for w = X1X2 . . . G X'^. We will use estimate (^) 
with k being the least integer greater than C2(logn)^. Then 

^f{n,k) = {g\xiX2...Xk ■■ 9 e ^(4) and l{g) < n} C [j Af^n,k)^ 

xex 

where A/^^ consists of those elements g G Af(n,k) that can be expressed as a product of 
no more than n elements from A^^-j . Every element g G JV^^ fixes every occurrence of the 
letter x in the sequence Xk+iXk+2 ■ ■ and changes every other letter in the same way as 
the group G(3) acts on X \ {x}. Hence the orbit j^^{xk+iXk+2 ■ ■ •) has subexponential 
growth not greater than (|X| — We get the upper bound 

\B{w,n)\ < |X|^2(logn)2+l . . ^1^1 _ ^^Cilogn < |j^|C(logn)2 

for some constant C. □ 

Weakly contracting groups. One of the main properties used in the proof of Theo- 
rems |1| and ^ leads us to the following definition. We say that a group G generated by a 
finite automaton is weakly contracting if the length of cycles in the complete automaton 
A(G') of the group is bounded. Every finitely generated contracting group is weakly con- 
tracting. The groups generated by polynomial automata, the groups from Theorem |^, and 
the Hanoi Towers groups are also weakly contracting. It is natural to ask which proper- 
ties can be generalized to this class of groups. Is the word problem in weakly contracting 
groups solvable in subexponential time? Do weakly contracting groups not contain non- 
abelian free subgroups? Do the orbital Schreier graphs r„, of weakly contracting groups 
have subexponential growth? 
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